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K-armed bandit problem: parametric setting

Bernoulli rewards:

v = (%)7 B,(M_a) ,Bi(ﬂ_K))
= E;Il =)

Game: foreachround 1 <t < T:
1. Player pulls arm A; € {1,..,K}.
2. He gets a reward Y; ~ B(ua,)-
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Regret

Player wants to maximize

equivalently, minimize his regret
Rr=Tu —E|D Y|,
=1

where ¥ = max fi,.

a=1,...,
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Regret

Player wants to maximize

equivalently, minimize his regret

;
Rr = Tu* — E[Z Yt] ,

t=1
where ¥ = max fi,.
Chain rule =7
K
Rr = (1" — pa) E[Ns(T)]
a=1

Where Na(T) — Zt—'r:l H{At:a}
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Regret

Player wants to maximize

equivalently, minimize his regret

T
Rr=Tu —E|D Y|,
t=1

where ;¥ = max ;.
Chain rule =7

K

Rt = Z(ﬂ* — pa) E[N,(T)|(~ T worst case)
a=1

Where Na(T) — Zt—'r:l H{At:a}
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|deas of strategy

e First idea: pull an arm uniformly at random at each round.
= Exploration = Rr~T
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|deas of strategy

e First idea: pull an arm uniformly at random at each round.
= Exploration = Rr~T

e Second idea: pull the current best empirical arm,

t
Aep1 = argmax,cq . gyHan(e)  Hany(e) = D Yela—a/Na(t)

s=1

= Exploitation = Rr~T
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|deas of strategy

e First idea: pull an arm uniformly at random at each round.
= Exploration = Rr~T

e Second idea: pull the current best empirical arm,

t
Att1 = argmax,ec(y ... ,K}ﬂa,Na(t) I/Za,Na(t) = Z Ysla—a/Na(t)

s=1
= Exploitation = Rr~T
= Exploration-Exploitation tradeoff

= Ry ~log(T)
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UCB algorithm

Algorithm 1: UCB

Initialization: Play each arm once.
Fort=Kto T —1,do

1. Compute for each arm a the upper confidence bound

N log(t)

ucCB —

Ua (t)_ Ma,Na(t) + 2Na(t)
N——

Exploration

2. Play A; € argmax,c(y ... k) UYCB(1).
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Upper Confident Bound

Xy, Xy iido~ B(p) with i, =301 Xi/n
Hoeffding inequality for x < u
P(fin < x) < e 2n0—n)?

With probability at least 1 — §
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Upper Confident Bound

Xy, Xy iido~ B(p) with i, =301 Xi/n
Hoeffding inequality for x < u
P(fin < x) < e 2n0—n)?

With probability at least 1 — §

UCB index 6 =1/t
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Upper Confident Bound

Xy, Xy iido~ B(p) with i, =301 Xi/n
Hoeffding inequality for x < u
P(fin < x) < e 2n0—n)?

With probability at least 1 — §

UCB index 6 =1/t
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UCB in action
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UCB in action
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Regret bound

Theorem
For the UCB algorithm, for all a such that p* — p; >0

1
E[N,(T)] < mlog(ﬂ + o(log(T)),
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Regret bound

Theorem
For the UCB algorithm, for all a such that p* — p; >0

1
E[N,(T)] < mlog(ﬂ + o(log(T)),

therefore (Chain rule)
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Regret bound

Theorem
For the UCB algorithm, for all a such that p* — p; >0

E[N(T)] < = log(T) + o(log(T)) .

T2~ pra)
therefore (Chain rule)
1
Rr< Y ) log(T) + o(log(T))
a: pr>p

Is that the best we can do? = Lower bound
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Kullback-Leibler divergence

For two probability distributions P and Q

dP i
KL(P, Q) = /Iog((m)dQ if P< @

400 else.

Example with Bernoulli

kl(p, q) := KL(B(p),B(q)) = P|Og§ +(1—p)log 1 : q
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An asymptotic lower bound

Strategy which always pulls the same arm =- assumptions on the strategy.
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An asymptotic lower bound

Strategy which always pulls the same arm =- assumptions on the strategy.

Definition
A strategy is consistent if for all bandit problems v, for all suboptimal arms
a, i.e., for all arms a such that p* — p, > 0, it satisfies E[N,(T)| = o(T%)
forall 0 < o < 1.
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An asymptotic lower bound

Strategy which always pulls the same arm =- assumptions on the strategy.

Definition
A strategy is consistent if for all bandit problems v, for all suboptimal arms
a, i.e., for all arms a such that p* — p, > 0, it satisfies E[N,(T)| = o(T%)
forall 0 < o < 1.

Theorem (Asymptotic lower bound from Lai & Robbins)

For all consistent strategies, for all suboptimal arms a,

EN,(T
liminf [ al )] > L .
Tooo log T kl(fea, %)



Setting UCB algorithm Lower bound klI-UCB algorithm
[o]e] 00000 [e]e] o] 0000

Sketch of proof 1/2

a suboptimal arm (p* — pa > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a ")B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Y,---, Y;).

NN

KL-UCB algorithm
00000000



Setting UCB algorithm Lower bound kl-UCB algorithm
00 00000 00@0 0000

Sketch of proof 1/2

a suboptimal arm (p* — pa > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a ")B(:ua)’ ..,B(MK))
Hl = (B(Nl)v "’B(M;)ﬂ "7B(MK))

Information at time t: Y1t = (Y,---, Y;).

NN

E [Na( T)] Kl(pa, 1) = KL(P;/”, P;//LT)

Chain rule

KL-UCB algorithm
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Sketch of proof 1/2

a suboptimal arm (p* — pa > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a "’B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Y,---, Y;).

NN

EANQ(T)} kl('LLa,lj/;) = KL(PZYI:T7 ]P);/II:T)

contraction of entropy > KL(IP’ZVS(T)/T, plfl\’/a(T)/T)
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Sketch of proof 1/2

a suboptimal arm (p* — pa > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a ")B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Y,---, Y;).

EJNB( T)} kl(:uaa /‘a

contraction of entropy KL(IE”I’,Va /T, Py,

NN

KL(P):T, PYI )

v

WV

projection

(T)/T)

KL-UCB algorithm
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kl(E [Na(T)]/ T, Ey [Na(T )]/T)
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with p/, > u*:

v = (B(Ml)v "?B(Na)a "7B(MK))
v = (B(Ml)v "7B(Mg)’ "7B(MK)>

Information at time t: Y1t = (Yq,---, ;).
Ey[Na( T)] Kl(a, 1) = KL(BYAT, PYFT)

contraction of entropy > KL([P’Va(T)/T Na(T)/T)

projection Zkl(E[ (T)]/T,Ey [N (T)]/T)

KL-UCB algorithm

> (1 BLNAT]/T) o8 g s~ lo8(2)
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with p/, > u*:

v = (B(Ml)v "?B(Na)a "7B(MK))
v = (B(Ml)v "7B(Mg)’ "7B(MK)>

Information at time t: Y1t = (Yq,---, ;).

EZ[NQ(T)] kl(ua,lu,’a) = KL(IP;/LT’ ]PJ;/II:T)

contraction of entropy > KL(IP”ZVa(T)/T, Ip)l’/\//a(T)/T)

KL-UCB algorithm

projection > kl(EZ[Na(T)]/T, E,/ [Na(T)]/T)

Consistent > (1 - EZ[N‘,(T)]/T) log

—_— T —E,[N,(T)]

o(1)
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Sketch of proof 1/2

a suboptimal arm (p* — pa > 0).
Modified bandit problem with u/, > p*:

NN

= (B(Hl)a ")B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Y,---, Y;).

E,[N.(T)

contraction of entropy

 Kl(j10s11,) KL(PYH PYT)
K

LN/ pla(T/T)

kl(E [No(T)]/T, E, [Na(T)]/T)
(1 —a)log(T) — log(2)

WV

projection

VWV
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For all a € (0, 1]:

EN,(T -
liminf A al )] > l-a .
T—oo  logT k(pa, 1)
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Sub-optimality of UCB

lim sup E{Na(T)] < L
Tooo  log T 7 2(us — p*)?’

EIN,(T
liminf [ ( )] > L .
Tooo log T kl(a, p*)

Pinsker inequality

Kl (pa, 1) = 2(pa — p*)?

KL-UCB algorithm
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Chernoff Bound
Xi, oo, Xy lido B(:u) with ﬂn = ZZ:l Xk/n
Chernoff inequality for x <

P(fin < x) < e”™0on) < o—2n(x—p)?

Pinsker
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Chernoff Bound
Xi, oo, Xy lido B(N) with /Af«n = ZZ:l Xk/n
Chernoff inequality for x <

P(ﬁn < X) < efnkl(xw) < e—2n(x—u)2

Pinsker

Inverting for u = kl(x, u)
P(fin < p and kl(fip, p) > u) < e ™

New upper confidence bound, with probability 1 — ¢

log(1/0
fin > 11 or K(jin, 1) < 5%

log(1/5)

M < sup {Ml > ln kl(,ana ,u/) < n}
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Get the right constant: kl-UCB algorithm

Algorithm 2: The kl-UCB algorithm.

Initialization: Pull each arm of {1,.., K} once.
Fort=KtoT -1, do

1. Compute for each arm a the upper confidence bound

~—

Us'(t) = sup {u’ > () K0, ) < i } |

2. Play A; € argmax,cqqy, k3 Ua(t).
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Get the right constant: kl-UCB algorithm

Theorem
For the kI-UCB algorithm, for all a such that y* — sy > 0

N

E[N,(T)] log(T) + o(log(T)),

S K(pa, 1)

Lower bound

EIN,(T
liminf [ ( )] > L .
Tooo log T kl(a, p*)
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K-armed bandit problem: non-parametric setting

Bounded rewards: v, € P[0, 1]

(Z: V].) Vs, 7VK)

Game: for each round 1 <t < T
1. Player pulls arm A; € {1,..,K}.
2. He gets a reward Y; ~ va4,.

Ha = E(Va)
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Lower bound

Theorem (Asymptotic lower)

For all consistent strategies, for all arms a such that p* — E(v,) > 0,

EN(T
liminf [ a )] > L .
T—o00 log T King(Va, p1*)

Kine(v, p) := inf {KL(v, ') : E(V') > u}
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Sub-optimality of kl-UCB

lim sup E{Na(T))] < L
Tooo  log T 7 Kl(pa, p*)’

EN(T
liminf [ a )] > ! .
T—o0 log T King(Va, 1*)

Pseudo-Pinsker inequality

Kinf(Va,M*) P kl(E(Va)a :U’*)
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Sub-optimality of kl-UCB

E[N,(T 1
lim sup No(T)] < ,
T—00 log T kl(pa, p*)

. E[N,(T)] 1
liminf > .
T—o0 log T /Cinf(ua, ,u*)

Pseudo-Pinsker inequality

ICinf(Vanu*) > kl(E(Va)a 'UJ*)

Reduction to kl for Bernoulli:

Kint(B(1ta), 1) = Kl(1ta, p1*)

KL-UCB algorithm
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Sub-optimality of kl-UCB

kl-UCB

E[N,(T 1
lim sup Na(T))] < ,
Tooo  logT kl(p1a, p*)

Lower bound N
E T
liminf [ a )] > ! .
T 00 log T King(Va, 11*)

Pseudo-Pinsker inequality

Kinf(Vayﬂ*) p k1<E(Va)a ,u*)

inf{KL(v,v'): E(/) > p} > inf{KL(/,v') s EQ) > p, E(V) = E(v)}

Kinf(v,1) kl(E(I/)7 u)
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Index 7

Move from empirical mean fi, to empirical distribution 7, = 1/n>"}_; dx,

New index

UK (t) = sup{u’ > fia(t) ' € [0, 1], Kl(fa(t), 4) < llc\)/gég}

U (2) =sup{Ev/ > E(0,(t) : v/ € P[0,1], KL(B,(t), V) < Iog(t)}
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Index 7

Move from empirical mean fi, to empirical distribution 7, = 1/n>"}_; dx,

New index
VO = {“/ > ia(t) 1 € (0,1, K(Ea(t), 1) < 'ﬁféf;}
Uz (t) = sup {EV/ > E@y(t) : v/ € P[0,1], KL(Bs(t), V) < I/(\)/g((;))}

N
o
o0
—~
~
~
——

= sup {:u/ : :u/ € [07 1]7 MI 2 ﬁa(t)> Kinf(ﬁa(t)a H/) N
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KL-UCB algorithm

Algorithm 3: The KL-UCB algorithm.

Initialization: Pull each arm of {1,.., K} once.
Fort=KtoT -1, do

1. Compute for each arm a the upper confidence bound

~—

Us (1) = sup {u’ > fia(t) : Kint (Pa(t), 1) < ',‘\’,gg) } .

2. Play A; € argmax,c(q, 3y Ua(t).
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Non-parametric upper confidence bound
X1, , Xy iiid.~ v with U, = ZZ:I 5Xk/n.

Deviations of kl

P(ﬁn < E(v) and kl(fin, E(v)) > u) <e ™

Deviations of ;¢

]P’(lCinf(ﬁ,,, E(v)) > u) <e(n+3)e ™.
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(e]e] 00000 0000

Non-parametric upper confidence bound

X1, Xp idido~ v with Uy = 30 0x, /.
Deviations of kil

P(ﬁn < E(v) and kl(fin, E(v)) > u) <e ™
Deviations of C;¢

]P’(lCinf(ﬁ,,, E(v)) > u) < e(n+43)e ™.

Open question: remove the factor (n+3) ?
Usually we want to control

(Kt (70, £(4)) > log(7))
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Variational formula

X —
Kint(v, 1) = 0@)?;&15:,{”\(1 — Tﬁ)] .
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Variational formula

Kint(v, 1) = on?lE{ In<1 - A_;j)]

If E(v) = p. Convex family of probability distributions: % = (1 — /\1(:’;)

vy =1+ (1=

Worst family for v:

Kint(va, 1) = KL(vz, v)
inf(V/\v N)
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Variational formula

Kint(v, 1) = — min KL(v,vy) = 0.

0<A<1

If E(v) = p. Convex family of probability distributions: % = (1 — Af—:ﬁ)

vy=21+ (1 -\

Worst family for v:

K:inf(l/)\v :U) = KL(V)\a V)

inf(V/\v M)
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Asymptotic optimality of KL-UCB algorithm

Theorem
For the KL-UCB algorithm, for all a such that p* — E(u,) >0

E[N.(T)] <

< mlog( T)+ o(log(T)),

Lower bound

EN(T
liminf [ a )} > L )
T—o00 log T Kinf(va, p*)
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